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HERMITIAN CURVATURE FLOW ON COMPACT HOMOGENEOUS
SPACES
FRANCESCO PANELLI AND FABIO PODESTA`
Abstract. We study a version of the Hermitian curvature flow on compact homogeneous
complex manifolds. We prove that the solution has a finite exstinction time T > 0 and we
analyze its behaviour when t → T . We also determine the invariant static metrics and we
study the convergence of the normalized flow to one of them.
1. Introduction
Given a Hermitian manifold (M,J, h) it is well-known that there exists a family of metric
connections leaving the complex structure J parallel (see [6]). Among these the Chern
connection is particularly interesting and provides different Ricci tensors which can be
used to define several meaningful parabolic metric flows preserving the Hermitian condition
and generalizing the classical Ricci flow in the non-Ka¨hler setting. In [7] Gill introduced
an Hermitian flow on a compact complex manifold involving the first Chern-Ricci tensor,
namely the one whose associated 2-form represents the first Chern class of M (see also
[14] for further related results). In [13] Streets and Tian introduced a family of Hermitian
curvature flows (HCFs) involving the second Ricci tensor S together with an arbitrary
symmetric Hermitian formQ(T ) which is quadratic in the torsion T of the Chern connection:
h′t = −S +Q(T ).
For any admissible Q(T ) the corresponding flow is strongly parabolic and the short time
existence of the solution is estabilished. This family includes geometrically interesting flows
as for instance the pluriclosed flow that was previously introduced in [12] and preserves the
pluriclosed condition ∂∂ω = 0. More recently Ustinovskiy focused on a particular choice
of Q(T ) obtaining another remarkable flow, which we will call HCFU for brevity, with
several geometrically relevant features (see [15]). In particular Ustinovskiy proves that the
HCFU on a compact Hermitian manifold preserves Griffiths non-negativity of the Chern
curvature, generalizing the classical result that Ka¨hler-Ricci flow preserves the positivity of
the bisectional holomorphic curvature (see e.g. [10]). In [17] the author could prove stronger
results showing that the HCFU preserves several natural curvature positivity conditions
besides Griffiths positivity. In [16] Ustinovskiy focuses on complex homogeneous manifolds
and proves that the finite dimensional space of induced metrics (which are not necessarily
invariant) is preserved by the HCFU.
Given a connected complex Lie group G acting transitively, effectively and holomorphi-
cally on a complex manifold M , a simple observation shows that M does not carry any
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G-invariant Hermitian metric unless the isotropy is finite. More recently in [9] Lafuente,
Pujia and Vezzoni considered the behaviour of a general HCF in the space of left-invariant
Hermitian metrics on a complex unimodular Lie group.
In this work we focus on C-spaces, namely compact simply connected complex manifolds
M which are homogeneous under the action of a compact semisimple Lie group G. By
classical results M fibers over a flag manifold N with a complex torus as a typical fiber F ;
in particular we consider the case where N is a product of compact Hermitian symmetric
spaces and F is non-trivial (so thatM does not carry any Ka¨hler metric). While the analysis
of a generic HCF on these manifolds seems to be out of reach, some special flows may deserve
attention. In view of the classification results obtained in [5] for C-spaces carrying invariant
SKT metrics, the pluriclosed flow can be investigated only in very particular cases of such
spaces (see also [3] for the analysis of the pluriclosed flow on compact locally homogeneous
surfaces and [2] for the case of left-invariant metrics on Lie groups). On the other hand
the HCFU is geometrically meaningful and can be dealt with more easily. Actually we are
able to write down the flow equations in the space of G-invariant metrics in a surprisingly
simple way. In particular we prove the remarkable fact that the flow can be described by
an induced flow on the base, which depends only on the initial conditions on the base itself,
and an induced flow on the fiber. Moreover the maximal existence domain is bounded above
and we can provide a precise description of the limit metric. Indeed we see that the kernel
of the limit metric defines an integrable distribution whose leaves coincide with the orbits
of the complexification of a suitable normal subgroup S of G. When the leaves of this
foliation are closed, we can prove the Gromov-Hausdorff convergence of the space to a lower
dimensional Riemannian homogeneous space. We are also able to estabilish the existence
and the uniqueness up to homotheties of invariant static metrics for the HCFU. These
metrics turn out to be particularly meaningful when S = G, as in this case the normalized
flow with constant volume converges to one of them.
The work is organized as follows. In Section 2 we give some prelimiary notions on C-
spaces and the HCFU. In Section 3 we compute the invariant tensors involved in the flow
equations and in Section 4 we prove our main result, which is summarized in Theorem 4.4
and Proposition 4.5.
Notation. Throughout the following we will denote Lie groups by capital letters and the
corresponding Lie algebras by gothic letters. The Cartan Killing form of a Lie algebra will
be denoted by κ.
Acknowledgements. The authors heartily thank Yury Ustinovskiy and Marco Radeschi
for many valuable discussions and remarks as well as Luigi Vezzoni and Daniele Angella for
their interest.
2. Preliminaries
We consider a compact simply connected complex manifold (M,J) with dimCM = m
and we assume that it is homogeneous under the action of a compact semisimple Lie group
G of biholomorphisms, namely M = G/L for some compact subgroup L ⊂ G. By Tits
fibration theorem the manifold M fibers G-equivariantly onto a flag manifold N := G/K,
say pi : M → G/K, and the manifold N can be endowed with a G-invariant complex
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structure I so that the fibration pi : (M,J) → (N, I) is holomorphic. Since M is supposed
to be simply connected, the typical fiber F := K/L is a complex torus of complex dimension
k (see e.g. [1]). Such a homogeneous complex manifold, which will be called a simply
connected C-space (see [18]), is not Ka¨hler if the fiber F is not trivial.
In this work we will assume that the base of the Tits fibration is a product of irreducible
Hermitian symmetric spaces of complex dimension at least two. More precisely, if we write
G as the (local) product of its simple factors, say G = G1 · . . . · Gs, then K also splits
accordingly as K = K1 · . . . ·Ks with Ki ⊂ Gi and (Gi,Ki) is a Hermitian symmetric pair
with dimCGi/Ki = ni. Note that m = k +
∑s
i=1 ni.
At the level of Lie algebras we can write the Cartan decomposition gi = ki ⊕ ni for each
i = 1, . . . , s. We recall that the center of ki is one-dimensional and spanned by an element
Zi so that ki = si⊕RZi, si being the semisimple part of ki, and ad(Zi) = I|ni . We can now
write the following decompositions
l =
s⊕
i=1
si ⊕ b, g = l⊕ f⊕ n,
where n :=
⊕s
i=1 ni and b, f are abelian subspaces of z(k) =
⊕s
i=1 RZi with κ(b, f) = 0. Note
that f and m := f⊕ n identify with the tangent spaces to the fiber and to M respectively.
Since the fibration pi : M → N is holomorphic, the complex structure J ∈ End(m) can
be written as J = IF + I, where IF is a totally arbitrary complex structure on the fibre F .
We now consider a G-invariant Hermitian metric h on M , which can be seen as an ad(l)-
invariant Hermitian inner product on m. As the si’s are not trivial, we have that l acts
non-trivially on n and trivially on f, therefore h(f, n) = 0. In particular the restriction h|f×f
is an arbitrary Hermitian metric.
Moreover, the ad(l)-modules ni are mutually non-equivalent, hence h(ni, nj) = 0 if i 6= j.
If ni is si-irreducible, then Schur Lemma implies that
h|ni×ni := −hiκi,
where hi ∈ R+ and κi denotes the Cartan-Killing form on gi. Note that this is always the
case unless gi = so(n+2) and ki = so(2)⊕ so(n) (n ≥ 3). Throughout the following we will
assume that none of the Hermitian factors of the basis N is a complex quadric.
Given a G-invariant Hermitian metric h on M , we can consider the associated Chern
connection ∇, which is the unique metric connection (∇h = 0) that leaves J parallel (∇J =
0) and whose torsion T satisfies for X,Y tangent vectors
T (JX, Y ) = T (X,JY ) = JT (X,Y ).
The curvature tensor RXY = [∇X ,∇Y ] − ∇[X,Y ] of ∇ gives rise to different Ricci tensors
and we are mainly interested in the second Chern-Ricci tensor S which is given by
S(X,Y ) =
2m∑
a=1
h(JRea,JeaX,Y ),
where {e1, . . . , e2m} denotes an h-orthonormal basis. In [13] Streets and Tian have intro-
duced a family of Hermitian curvature flows on any complex manifold given by
(2.1) h′t = −S(h) +Q(T ),
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where Q(T ) is symmetric, J-invariant tensor which is an arbitrary quadratic expression
involving the torsion T . In [13] the authors proved the short time existence for all these
flows for any initial Hermitian metric. In [15] Ustinovskiy considered a special Hermitian
flow where the quadratic term Q(T ) is given in complex coordinates by
(2.2) Q(T )ij = −
1
2
hmnhpsTmpjTnsi.
For the corresponding Hermitian curvature flow (HCFU) Ustinovskiy could prove several
important properties, in particular that it preserves the Griffiths positivity of the initial
metric.
We now focus on this Hermitian flow on the class of homogeneous compact complex
manifolds (M,J) we have introduced in this section. In particular we note that the flow
evolves along invariant Hermitian metrics whenever the initial metric is so.
3. The computation of the tensors
In this section we compute the Ricci tensor S and the quadratic expression Q(T ) in (2.2)
for a G-invariant Hermitian metric h on the complex manifold M = G/L. Throughout the
following we keep the notation introduced in the previous section.
We choose a maximal abelian subalgebra ai ⊂ ki of gi (i = 1, . . . , s). The complexification
ac ⊂ gc where a := ⊕si=1 ai, gives a Cartan subalgebra of gc and we will denote by R the
associated root system of gc. We denote by Ri the subset of R given by all the roots whose
corresponding root vectors belong to gci for i = 1, . . . , s, so that R = R1∪ . . .∪Rs. For each
i = 1, . . . , s we have
kci = a
c
i ⊕
⊕
α∈Rki
gα, n
c
i =
⊕
α∈Rni
gα
so that Ri = Rki ∪Rni . Moreover the invariant complex structure I|ni on ni determines an
invariant ordering of Rni = R
+
ni
∪R−ni with I(v) = ±
√−1v for every v ∈ gα with α ∈ R±ni .
We will use a standard Chevalley basis {Eα}α∈R of gc with
gc = ac ⊕
⊕
α∈R
CEα, Eα = −E−α, κ(Eα, E−α) = 1,
[Eα, E−α] = Hα,
where κ(Hα, v) = α(v) for every v ∈ ac.
Let h be an invariant Hermitian metric onM , i.e. an ad(l)-invariant symmetric Hermitian
inner product on m. We recall that h|ni×ni := −hiκi and by the ad(a)-invariance be have
h(Eα, Eβ) =
{
0 if α 6= β
hi if α = β ∈ Ri.
In the complexified tangent space fc of the fiber we fix a complex basis V := {V1, . . . , Vk}
of f10. We also put hab¯ := h(Va, Vb) and H := (hab¯)a,b=1,...,k.
If we split mc = m10 ⊕ m01 with respect to the extension of J on mc, the torsion T can
be seen as an element of Λ2(m∗)⊗m and it satisfies
(3.1) T (m10,m01) = 0.
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The Chern connection ∇ is completely determined by the corresponding Nomizu’s operator
Λ ∈ m∗⊗End(m) (see e.g.[8]), which is defined as follows: for X,Y ∈ m we set Λ(X)Y ∈ m
to be so that at o := [L] ∈M
(Λ(X)Y )∗|o = (∇X∗Y ∗ − [X∗, Y ∗])|o,
where for every Z ∈ m we denote by Z∗ the vector field onM induced by the one-parameter
subgroup exp(tZ). Since ∇ preserves J , the Nomizu’s operator satisfies Λ(v)(m10) ⊆ m10
for every v ∈ mc. Now we recall that the torsion T can be expressed as follows: for X,Y ∈ m
(see e.g. [8])
(3.2) T (X,Y ) = Λ(X)Y − Λ(Y )X − [X,Y ]m.
Therefore using (3.1) and (3.2) we see that
(3.3) Λ(A)B = [A,B]01 ∀ A,B ∈ m10.
Lemma 3.1. Given v ∈ fc, w ∈ f10, α, β ∈ R+ni, γ ∈ R+nj with, i, j = 1, . . . , s, i 6= j, we
have
a) Λ(Eα)Eβ = 0, Λ(Eα)E±γ = 0 and Λ(Eα)w = 0;
b) Λ(Eα)E−β = 0 for β 6= α; Λ(Eα)E−α = H01α ;
c) Λ(Eα)w =
1
hi
h(w,Hα)Eα;
d) Λ(v) = ad(v).
Proof. a) If A ∈ n10 and w ∈ f10, we have by (3.3) and using the fact that [ni, ni] ⊆ ki:
h(Λ(Eα)Eβ , A) = −h(Eβ ,Λ(Eα)A) = −h(Eβ , [Eα, A]01) = 0,
h(Λ(Eα)Eβ , w) = −h(Eβ ,Λ(Eα)w) = −h(Eβ , [Eα, w]01) = α(w)h(Eβ , E01α ) = 0,
therefore Λ(Eα)Eβ = 0. Similarly we get Λ(Eα)E±γ = 0. Finally
Λ(Eα)w = [Eα, w]
01 = −α(w)E01α = 0.
b) We have Λ(Eα)E−β = [Eα, E−β]01. If α 6= β, then [Eα, E−β ] lies in the semisimple
part of kci , hence [Eα, E−β]
01 = 0. If α = β, [Eα, E−α]01 = H01α .
c) Since we have, by a) and b), h(Λ(Eα)w,E−α) = −h(w,Λ(Eα)E−α) = −h(w,Hα), and
h(Λ(Eα)w,E−β) = h(Λ(Eα)w,E−γ) = h(Λ(Eα)w,w′) = 0 (here β ∈ R+ni , β 6= α, w′ ∈ f10),
the assertion follows.
d) First we have, if w,w′ ∈ f10, Λ(w)w′ = [w,w′]01 = 0 = ad(w)w′ and Λ(w)E−α =
[w,E−α]01 = −α(w)E−α = ad(w)E−α. Furthermore,
h(Λ(w)Eα, w′) = −h(Eα,Λ(w)w′) = 0 = α(w)h(Eα, w′) = h(ad(w)Eα, w′),
h(Λ(w)Eα, E−β) = −h(Eα,Λ(w)E−β) = β(w)h(Eα, E−β) = δα,βα(w)h(Eα, E−α)
= α(w)h(Eα , E−β) = h(ad(w)Eα, E−β),
therefore Λ(w)Eα = ad(w)Eα. At this point it is easily seen that Λ(w)w
′ = 0 = ad(w)w′,
so Λ(w) = ad(w). Conjugation yields also Λ(w) = ad(w), hence assertion d) follows. 
Using the previous Lemma we can compute the torsion tensor as follows.
Lemma 3.2. Given α, β ∈ R+ni, γ ∈ R+nj with i 6= j, and w,w′ ∈ f10 we have
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a) T (Eα, Eγ) = T (Eα, Eβ) = 0;
b) T (w,Eα) = − 1hih(w,Hα)Eα;
c) T (w,w′) = 0.
Proof. a) From Lemma 3.1(a) and (3.2), we see that
T (Eα, Eγ) = −[Eα, Eγ ]mc , T (Eα, Eβ) = −[Eα, Eβ ]mc .
Now α + γ cannot be a root, therefore [Eα, Eγ ] = 0. On the other hand, since Gi/Ki is
symmetric, [Eα, Eβ] ∈ ki ∩ ni = 0. This proves the assertion.
b) By Lemma 3.1(c)-(d) and (3.2) we have
T (w,Eα) = Λ(w)Eα − Λ(Eα)w − [w,Eα]mc
= α(w)Eα − 1
hi
h(w,Hα)Eα − α(w)Eα = − 1
hi
h(w,Hα)Eα.
c) It follows immediately from Lemma 3.1(d). 
In order to compute the curvature tensor R, we use the general formula given in [8, p. 192]
(cf. also [11]): for X,Y ∈ m
(3.4) R(X,Y ) = [Λ(X),Λ(Y )]− Λ([X,Y ]m)− ad([X,Y ]l).
Lemma 3.3. Given α, β ∈ R+ni, γ ∈ R+nj , i 6= j, v1, v2 ∈ fc, w ∈ f10, we have
a) R(Eα, Eα)Eβ = Λ(Eα)Λ(Eα)Eβ + β(Hα)Eβ ,
b) R(Eα, Eα)Eγ = 0,
c) R(Eα, Eα)w =
1
hi
h(w,Hα)H01α ,
d) R(v1, v2) = 0.
Proof. a) Using (3.4) and Lemma 3.1 we have
R(Eα, Eα)Eβ = [Λ(Eα),Λ(Eα)]Eβ − Λ([Eα, Eα]mc)Eβ − ad([Eα, Eα]lc)Eβ
= Λ(Eα)Λ(Eα)Eβ + Λ((Hα)mc)Eβ + ad((Hα)lc)Eβ
= Λ(Eα)Λ(Eα)Eβ + [Hα, Eβ]
= Λ(Eα)Λ(Eα)Eβ + β(Hα)Eβ .
b) is proved similarly.
c-d) We have, using (3.4), Lemma 3.1 and the fact that fc is abelian:
R(Eα, Eα)w = −Λ(Eα)Λ(Eα)w + Λ((Hα)mc)w + ad((Hα)lc)w
= − 1
hi
h(w,Hα)Λ(Eα)Eα + [Hα, w] =
1
hi
h(w,Hα)H01α
and, for similar reasons,
R(v1, v2) = [Λ(v1),Λ(v2)] = [ad(v1), ad(v2)] = ad([v1, v2]) = 0.

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We can now compute the second Chern-Ricci tensor S. If β ∈ R+ni we have by Lemmas
3.1, 3.3:
S(Eβ,Eβ) =
s∑
j=1
∑
α∈R+nj
1
hj
h(R(Eα, Eα)Eβ, Eβ)
=
∑
α∈R+ni
1
hi
h(R(Eα, Eα)Eβ , Eβ) = −
∑
α∈R+ni
1
hi
h(Λ(Eα)Eβ,Λ(Eα)Eβ) +
∑
α∈R+ni
β(Hα)
= − 1
hi
h(Λ(Eβ)E−β,Λ(Eβ)E−β) +
∑
α∈R+ni
β(Hα) = − 1
hi
h(H01β ,H
01
β ) +
∑
α∈R+ni
β(Hα)
= − 1
hi
h(H01β ,H
01
β ) +
1
2
where we have used that
∑
α∈R+ni
Hα = −
√−1
2 Zi and that β(Zi) =
√−1. Similarly, for
a, b = 1, . . . , k,
S(Va, Vb) =
s∑
j=1
∑
α∈R+nj
1
hj
h(R(Eα, Eα)Va, Vb)
=
s∑
j=1
∑
α∈R+nj
1
h2j
h(Va,Hα)h(Vb,H01α ) =
s∑
j=1
∑
α∈R+nj
1
h2j
h(Va,Hα)h(Vb,Hα).
We now compute the tensor Q(T ). For α ∈ R+ni , i = 1, . . . , s, set
eα :=
Eα√
hi
.
We fix a h-orthonormal basis {ea}a=1,...,k of f10. In the following, we shall use the greek
letters α, β, . . . as indices varying among the positive roots, while the lowercase latin let-
ters a, b, . . . will denote indices varying in the set {1, . . . , k}. Finally, latin capital letters
A,B, . . . will vary both among the positive roots and the elements of the set {1, . . . , k}. So
we have, if β ∈ R+ni ,
Q(T )(eβ , eβ) = −1
2
∑
A,B
T βABT
β
AB = −
1
2
∑
α,b
T βαbT
β
αb −
1
2
∑
α,b
T βbαT
β
bα
= −
∑
α,b
T βαbT
β
ab = −
∑
b
1
h2i
|h(eb,Hβ)|2,
whence
Q(T )(Eβ , Eβ) = − 1
hi
∑
b
|h(eb,Hβ)|2 = − 1
hi
h(H01β ,H
01
β ).
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The last equality in the previous formula holds noting that, if one writes H01β =
∑
a λaea
for suitable λa ∈ C, then
k∑
b=1
|h(eb,Hβ)|2 =
k∑
b=1
|λb|2 = h(H01β ,H01β ).
Moreover, using Lemma 3.2 we immediately see that Q(T )(f, f) = 0 and Q(T )(f, n) = 0.
We can now write an expression for the tensor
K(h) := −S(h) +Q(T ),
which governs the flow (2.1). Namely,
(3.5)


K(h)(Eα, Eα) = −12 , α ∈ R+n ;
K(h)(f, n) = 0;
K(h)(Va, Vb) = −
∑s
j=1
1
h2
j
∑
α∈R+nj
h(Va,Hα)h(Vb,Hα).
4. The analysis of the flow and static metrics
Starting from an invariant Hermitian metric ho, the unique solution to the flow equation
(2.1) consists of G-invariant Hermitian metrics on M . Therefore using (3.5) we can write
the flow equations as follows
(4.1)
{
h′
ab
= −∑sj=1 1h2
j
∑
α∈R+nj
h(Va,Hα)h(Vb,Hα), for a, b = 1, . . . , k,
h′i = −12 , for i = 1, . . . , s.
In order to write the equations in (4.1) relative to the fibre in a nicer form, set R+nj :=
{αj1, . . . , αjnj} for j = 1, . . . , s. We note that for every α ∈ R+nj (j = 1, . . . , s) we have
Hα = −
√−1
2nj
Zj (mod sj), hence we can find coefficients c
j
i , j = 1, . . . , s, i = 1, . . . , k so that
(4.2) H01
αj
i
=
k∑
l=1
cjl Vl i = 1, . . . , nj , j = 1, . . . , s.
Thus
h′ab¯ = −
s∑
j=1
1
h2j
k∑
l,m=1
(
njc
j
l c
j
m
)
hal¯hmb¯ = −
s∑
j=1
1
h2j
(
HΓjH
)
ab¯
,
where we have set for j = 1, . . . , s
(Γj)lm¯ := njc
j
l c
j
m.
Therefore we can write (4.1) as
(4.3)
{
H ′ = −HΓH
h′i = −12 , for i = 1, . . . , s,
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where
Γ(t) :=
s∑
j=1
1
h2j(t)
Γj.
We note that Γ is positive semidefinite as each Γj is so, j = 1, . . . , s.
The metric ho can be fully described by s positive numbers A1, . . . , As where
(4.4) ho|ni×ni = −Aiκ
and by a positive definite Hermitian k × k matrix Ho, which represents ho|f×f w.r.t. the
basis V. From (4.3) we immediately see that
(4.5) hi(t) = −1
2
t+Ai, i = 1, . . . , s.
If we set A := mini=1,...,s{Ai}, we see that hi(t) are all positive when t ∈ [0, 2A). The flow
equation boils down to
(4.6)
{
H ′ = −HΓH
H(0) = Ho
that can be explicitely integrated to
(4.7) H−1(t) = H−1o +
∫ t
0
Γ(u) du.
Note that the righthandside of (4.7) is positive definite for all t ∈ [0, 2A), therefore the
solution h(t) to the HCFU exists on [0, 2A). Moreover we notice that the maximal existence
domain of h(t) is of the form (−r, 2A), where r ∈ (0,+∞].
In order to analyze the behaviour of the metric along the fiber when t approaches the
limit 2A, we simply observe that (4.1) implies
(4.8) h(v, v¯)′ = −
s∑
j=1
1
h2j
∑
α∈R+nj
|h(v,Hα)|2 ≤ 0, for any v ∈ f10,
therefore limt→2A h(v, v¯) exists and is non-negative. Thus when t → 2A the metric along
the fiber converges to a positive semidefinite Hermitian form hˆ.
Proposition 4.1. There is a compact normal subgroup S of G such that the orbits of Sc
are the leaves of the distribution defined by the kernels of hˆ.
Proof. We consider the distribution Q on M which is defined for x ∈ M by Qx := {v ∈
TxM | hˆx(v,w) = 0, ∀w ∈ TxM}. It is clear that Q is G-invariant and J-stable, so that it is
enough to study it at o := [L] ∈M = G/L, where we can see q := Qo as a J-stable subspace
of m. We write qc = q10⊕q01. We rearrange the indices so that A = A1 = . . . = Ap < Ai for
i = p+1, . . . , s and we defineZp to be the complex subspace of f01 generated by Z011 , . . . , Z01p .
The limit form hˆ is described by a pair (hˆN , hˆF ), where hˆN is a Ad(L)-invariant Hermitian
form on n whose kernel is given by n1⊕ . . .⊕np and hˆF is a positive semidefinite Hermitian
form on f.
Lemma 4.2. qc = nc1 ⊕ . . .⊕ ncp ⊕Zp ⊕Zp.
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Proof. It is enough to prove that Zp = (ker hˆF )01. Throughout the following we will identify
f01 with Ck by means of the basis V. Observe that (4.7) reads
H−1(t) = H−1o −
2t
A(t− 2A)Θp +
s∑
j=p+1
(∫ t
0
1
h2j (u)
du
)
Γj ,
where Θp :=
∑p
j=1 Γ
j . Since the image of Γj is spanned by Z01j for j = 1, . . . , k, we see
that Θp(Zp) ⊆ Zp. Moreover, as each Γj is Hermitian positive semidefinite, we have that
ker Θp =
⋂p
j=1 ker Γ
j = Z⊥p , where the orthogonal space Z⊥p is taken with respect to the
standard Hermitian structure on Ck. This implies that ker Θp ∩ Zp = {0} and therefore
Θp(Zp) = Zp. We also observe that Θp is diagonalizable and therefore its image Zp is
the sum of all eigenspaces with non-zero eigenvalues. If we set q := dimCZp, there exists
U ∈ U(k) so that
∆ := UΘpU¯
T
is the diagonal matrix diag(µ1, . . . , µq, 0, . . . , 0), µi 6= 0 for i = 1, . . . , q. Then if we set
Hu(t) := UH(t)U¯
T we have for t ∈ [0, 2A)
(4.9) H−1u (t) = Λ(t)−
2t
A(t− 2A)∆,
where Λ(t) is positive definite for all t ∈ [0, 2A) and, when t→ 2A, it converges to a positive
definite matrix
Λˆ := lim
t→2A
Λ(t).
We have
Hu(t) =
adj(H−1u (t))
detH−1u (t)
and using (4.9) we see that
lim
t→2A
(2A − t)q detH−1u (t) = 4qµ1 · . . . · µq det Λˆo > 0
where Λˆo is the minor of Λˆ obtained intersecting the last k − q rows and the last k − q
columns. Moreover
lim
t→2A
(2A− t)qadj(H−1u (t))ab¯ = 0, ∀ a ∈ {1, . . . , q}, ∀ b ∈ {1, . . . , k},
hence
lim
t→2A
(Hu(t))ab¯ = 0, ∀ a ∈ {1, . . . , q}, ∀ b ∈ {1, . . . , k},
while for a, b = q + 1, . . . , k,
lim
t→2A
(Hu(t))ab¯ = (Λˆ
−1
o )(a−q)(b−q).
Thus we have that
lim
t→2A
Hu(t) =
(
0 0
0 Λˆ−1o
)
,
where Λˆ−1o is (k − q)× (k − q) and positive definite. The claim follows. 
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We define U := G1 · . . . ·Gp. We observe that the universal complexification U c acts on
M and that the U c-orbits define a G-invariant foliation. At the point o ∈M we have that
To(U
c · o) = n1 ⊕ . . .⊕ np ⊕ Span{(Z1)f, . . . , (Zp)f, IF ((Z1)f), . . . , IF ((Zp)f)} = q by Lemma
4.2. Therefore the U c-orbits coincide with the leaves of Q. 
Remark 4.3. Since the complex structure IF along the fiber is totally arbitrary, the U
c-
orbits are not necessarily closed. Note that G acts transitively on the set of U c-orbits and
therefore one such orbit is closed if and only if all are so.
4.1. Static metrics. We say that an invariant Hermitian metric h on M is static for the
HCFU if there exists λ ∈ R such that
(4.10) −K(h) = λh.
In terms of algebraic data on g this equation becomes
(4.11)
{
λH = HΓH,
λhi =
1
2 , for i = 1, . . . , s.
This immediately implies that (4.10) has no solution if λ ≤ 0. On the other hand, if λ > 0,
the second equation in (4.11) gives
(4.12) hi =
1
2λ
> 0, for i = 1, . . . , s.
Then the first equation in (4.11) reads
(4.13) H =
1
4λ
Θ−1s ,
where we note that Θs is invertible as it is shown in the proof of Lemma 4.2. Using (4.12),
(4.13) we can therefore define, for any λ > 0, a static metric satisfying (4.10) for the chosen
λ.
Suppose now that in (4.4) the initial conditions satisfy A = A1 = · · · = As. Clearly in
this case we have limt→2A hi(t) = 0 for i = 1, . . . , s and∫ t
0
Γ(u)du =
2t
A(2A − t)Θs, t ∈ [0, 2A).
On the other hand we have
lim
t→2A
H(t) = lim
t→2A
adj(H−1(t))
detH−1(t)
= 0,
as one can easily verify that
(4.14)
{
limt→2A(2A− t)k detH−1(t) = 4k detΘs > 0,
limt→2A(2A− t)k−1adj(H−1(t)) = 4k−1adj(Θs).
Thus
lim
t→2A
h(t) = 0.
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We now consider the Hermitian metric h˜(t) which is homothetic to h(t) and has unitary
volume, namely h˜(t) := c(t)h(t) with c(t) = (volh(t)(M))
−1/m. Now we see that there exists
a positive constant V so that
volh(t)(M) = V · detH(t) ·
s∏
i=1
(2A − t)ni = V · (2A− t)
m
(2A− t)k detH−1(t) ,
where we have used that m = k +
∑s
i=1 ni. We can then write
c(t) =
ξ(t)
2A− t , ξ(t) :=
(
V −1(2A− t)k detH−1(t)
)1/m
and note that by (4.14),
lim
t→2A
ξ(t) =
(
V −14k detΘs
)1/m
:= ξ > 0.
We now have, for i = 1, . . . , s,
lim
t→2A
c(t)hi(t) = lim
t→2A
ξ(t)
2A− t ·
2A− t
2
=
ξ
2
.
while, using (4.14)
lim
t→2A
c(t)H(t) =
ξ
4
· adj(Θs)
detΘs
=
ξ
4
·Θ−1s ,
Therefore the solution h˜(t) to the normalized flow converges to the static metric satisfying
(4.10) with λ = 1/ξ.
We can then formulate our first result as follows
Theorem 4.4. Let M = G/L be a simply connected C-space with Tits fibration over a
Hermitian symmetric space N whose irreducible factors have complex dimension at least two
and are not complex quadrics. Any G-invariant Hermitian metric h on M is determined
by a pair (hN , hF ), where hN is an Ad(L)-invariant Hermitian metric on n and hF is an
arbitrary Hermitian metric on the fiber f.
Given any initial invariant Hermitian metric (hNo , h
F
o ) on M , we have:
i) the solution h(t) to the HCFU is given by the pair (h
N (t), hF (t)), where hN (t) de-
pends only on hNo ;
ii) the maximal existence domain of hN (t) is an interval (−∞, T ) with 0 < T < +∞
and the solution hF (t) exists and is positive definite on an interval (−r, T ) with
0 < r ≤ +∞. When t → T , the base N collapses to a product of some Hermitian
symmetric spaces and the metric h(t) converges to a positive semidefinite Hermitian
bilinear form hˆ. The distribution given by the kernel of hˆ is integrable and its leaves
coincide with the U c-orbits for a suitable compact connected normal subgroup U ⊆ G;
iii) the manifold M admits a unique (up to homotheties) invariant Hermitian metric
which is static for the HCFU. If hN (t) → 0 when t → T , then h(t) → 0 and the
normalized flow with constant volume converges to a static metric.
The following proposition can be thought of as a complement of the main Theorem 4.4
when the U c-orbits are closed. We keep the same notation as in Theorem 4.4 and we
consider the foliation, again denoted by Q, given by the U c-orbits. If dt denote the distance
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on M induced by the metric tensor ht (t ∈ [0, T )), we describe the Gromov-Hausdorff limit
of the metric spaces (M,dt) when t→ T .
Proposition 4.5. If the U c-orbits are closed, the leaf space M := M/Q has the structure
of a smooth homogeneous manifold G/Uˆ for some closed subgroup Uˆ ⊆ G. Moreover the
positive semidefinite tensor hˆ induces a G-invariant Riemannian metric h on M with in-
duced distance d¯ and the metric spaces (M,dt) Gromov-Hausdorff converge to (M, d¯) when
t→ T .
Proof. Note that G acts transitively on the leaves of the G-invariant foliation Q. The
closedness of the leaves implies thatM is Hausdorff and it can be expressed as a coset space
G/Uˆ for some closed subgroup Uˆ that contains both U and L. At the level of Lie algebras
we can write the decomposition
g = uˆ⊕ mˆ,
where the subspace mˆ is defined as the κ-orthocomplement of uˆ. As l ⊂ uˆ we have that
mˆ ⊂ m. Moreover u = ⊕pi=1 gi ⊂ uˆ implies that mˆ ⊆ ⊕sj=p+1 gj. We now note that
the G-equivariant projection pi : M → N maps the orbit U co onto the U -orbit ∏pi=1Ni ×∏s
j=p+1{[Kj ]}, where Ni := Gi/Ki for i = 1 . . . s, whence Uˆ ⊆
∏p
i=1Gi ×
∏s
j=p+1Kj .Then
we can write
mˆ =
s⊕
j=p+1
nj ⊕ fˆ, fˆ ⊆
s⊕
j=p+1
RZj .
This implies in particular that Ad(Uˆ)|ˆ
f
= Id. Therefore the restriction hˆ|mˆ×mˆ gives a positive
definite Ad(Uˆ )-invariant inner product which descends to a G-invariant Riemannian metric
h¯ on M .
We now prove the last statement, namely that for x, y ∈ M we have limt→T dt(x, y) =
d¯(p(x), p(y)), where d¯ is the distance induced by h¯ and p : M → M is the projection. We
denote by γt a minimizing geodesic for ht joining x with y. As (4.5) and (4.8) imply that
ht(v, v) is a non-incerasing funtion of t for every tangent vector v, we see that
dt(x, y) =
∫ 1
0
ht(
dγt
ds
,
dγt
ds
)1/2 ds ≥
∫ 1
0
hˆ(
dγt
ds
,
dγt
ds
)1/2 ds
=
∫ 1
0
h¯(
dp ◦ γt
ds
,
dp ◦ γt
ds
)1/2 ds ≥ d¯(p(x), p(y)).
This means that
lim inf
t→T
dt(x, y) ≥ d¯(p(x), p(y)).
On the other hand let γ be a minimizing geodesic for h¯ connecting p(x) with p(y). Let γ˜
be a lift of γ starting at x with ending point y˜. We choose a path η in p−1(p(y)) connecting
y with y˜. Then
dt(x, y) ≤ dt(x, y˜) + dt(y˜, y) ≤
∫ 1
0
ht(γ˜
′(s), γ˜′(s))1/2ds+
∫ 1
0
ht(η
′(s), η′(s))1/2ds.
Now
lim
t→T
∫ 1
0
ht(η
′(s), η′(s))1/2ds = 0,
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while
lim
t→T
∫ 1
0
ht(γ˜
′(s), γ˜′(s))1/2ds =
∫ 1
0
hˆ(γ˜′(s), γ˜′(s))1/2ds
=
∫ 1
0
h¯(γ′(s), γ′(s))1/2ds = d¯(p(x), p(y)).
This implies that
lim sup
t→T
dt(x, y) ≤ d¯(p(x), p(y))
and this concludes the proof. 
Remark 4.6. Note that the homogeneous space M might not carry any (G-invariant)
complex structure.
4.2. Example. A C-space M will be called of Calabi-Eckmann type if M = G/L, where
G = G1 · G2, L = L1 · L2 and Li is the semisimple part of Ki for i = 1, 2 (see [4],[18]).
The space M , which is T 2-bundle over a product of two Hermitian symmetric spaces,
can be endowed with many invariant complex structures as described in section 2. We
consider now a more general C-space M which is given by a product of C-spaces of Calabi-
Eckmann typeM1,M3, . . . ,M2k−1 withMi = Gi ·Gi+1/Li ·Li+1, endowed with the invariant
complex structure J given by the product of invariant complex structures on each factor
Mi, i = 1, 3, . . . , 2k − 1.
We now consider an initial datum (hNo , h
F
o ), where h
N
o is determined by a sequence
(A1, . . . , A2k). We can rearrange the indexes as in the proof of Proposition 4.1, i.e. A =
A1 = · · · = Ap < Aj for all j = p + 1, . . . , 2k. Note that there is an involution σ of the set
{1, . . . , 2k} so that for each index 1 ≤ l ≤ 2k we have JZl ∈ Span{Zl, Zσ(l)}. Hence
To(U
c · o) = n1 ⊕ . . .⊕ np ⊕ Span{Z1, . . . , Zp, Zσ(1), . . . , Zσ(p)}.
Note that in this case the Sc-orbits are closed. When t→ 2A the manifold M collapses to
a product of Hermitian symmetric spaces and a lower dimensional C-space M ′ of Calabi-
Eckmann type. Indeed, if we set I1 := {p + 1, . . . 2k} ∩ σ({p + 1, . . . , 2k}) and I2 :=
{p+ 1, . . . 2k} \ I1, then the manifold collapses to
∏
i∈I2
Gi/Ki

×M ′, M ′ := ∏
i∈I1
Gi/Li.
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